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Abstract
A well known conjecture of Hadwiger asserts that Kn+1 is the only minor minimal graph of chromatic number greater than n.
In this paper, all minor minimal graphs of chromatic index greater than n are determined.
c© 2008 Elsevier B.V. All rights reserved.
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0. Introduction
One of the well known conjectures in graph theory is Hadwiger’s conjecture [4], which asserts that Kn+1 is the
only minor minimal graph of chromatic number greater than n. This is a long-standing conjecture (see [6] for a survey)
which remains open except for n equal to four [1,9,14] and five [10] when the conjecture is equivalent to the four-color
theorem, and for n less than four [3,6] when the conjecture is easy to prove. The purpose of this paper is to consider a
similar problem, to determine all minor minimal graphs of chromatic index greater than n, for all n. Unlike chromatic
number, chromatic index is affected by whether the graph under consideration is simple or not. We will consider
multigraph first in Section 1 and then consider simple graphs in Section 2.
1. Multigraphs
In this section, we only consider loopless multigraphs. The corresponding results for graphs with loops can be
derived from the result in this section very easily and thus they are omitted from the paper.
Let n be a nonnegative integer. Let Sn be the set of graphs for which there is a vertex meeting all its n + 1 edges.
Clearly, every graph in Sn has chromatic index greater than n. Moreover, every proper minor of such a graph either
has a loop or has chromatic index at most n. In another words, all graphs in Sn are minor minimal loopless graphs
of chromatic index greater than n. Now let Tn be the set of connected loopless graphs with three vertices and n + 1
edges. It is clear that all members of Tn are also minor minimal loopless graphs of chromatic index greater than n.
The next result states that these are all such graphs.
Theorem 1.1. Let n be a nonnegative integer. If a loopless multigraph has chromatic index greater than n, then it
contains a member of Sn ∪ Tn as a minor.
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Proof. Let G be a loopless multigraph with chromatic index greater than n. Clearly, to prove the theorem, we may
assume that G is minor minimal with these properties. That is, every proper minor of G either has a loop or has
chromatic index at most n. Depending on the connectivity of G, we will consider three cases.
If G can be expressed as the disjoint union of two graphs G1 and G2 with V (G1) 6= ∅ 6= V (G2), then we have a
contradiction since
n < χ ′(G) = max{χ ′(G1), χ ′(G2)} ≤ n.
It follows that G is connected. Next, if G can be expressed as the union of two edge disjoint graphs G1 and G2 with
E(G1) 6= ∅ 6= E(G2) and V (G1) ∩ V (G2) = {x}, then n < χ ′(G) = max{χ ′(G1), χ ′(G2), d(x)}, where d(x) is
the number of edges of G that are incident with x . From the minimality of G we conclude that d(x) > n and thus G
contains a member of Sn as a minor. Finally, we consider the case when G is 2-connected. It is not difficult to show
(see 6.8 in [7], for instance) that G has an edge e with end vertices x and y such that G−{x, y} is still connected. Since
χ ′(G) > χ ′(G\e), we deduce that G has at least χ ′(G) edges incident with either x or y. Therefore, G/E(G−{x, y}),
and thus G, contains a member of Tn as a minor. The proof is completed. 
2. Simple graphs
Let n be a nonnegative integer. Let Rn be the set of simple graphs with 2dn/2e + 1 vertices, ndn/2e + 1 edges,
and with maximum degree n. If G is a graph in Rn , then each matching of G contains at most dn/2e edges. It follows
that n colors can color at most ndn/2e edges of G and thus χ ′(G) > n. The next theorem, which is the main result
of this paper, states that, except for K1,n+1, graphs in Rn are precisely all minor minimal simple graphs of chromatic
index greater than n.
Theorem 2.1. Let n be a nonnegative integer. If a simple graph has chromatic index greater than n, then it contains
a member of Rn ∪ {K1,n+1} as a minor.
To prove the theorem, we need some preparations. First, we state two well known theorems of Vizing [11,12].
(2.2) Vizing’s theorem. If G is a simple graph with maximum degree n, then χ ′(G) ≤ n + 1.
Let us recall that d(x), the degree of a vertex x , is the number of edges incident to x . We will denote the
maximum degree of a graph G by ∆(G) or, sometimes, simply by ∆. A simple connected graph G is called critical
if χ ′(G \ e) < χ ′(G) = ∆(G)+ 1 for all edges e of G.
(2.3) Vizing’s adjacency lemma. Let (u, v) be an edge of a critical graph G. Then u is adjacent to at least
∆− d(v)+ 1 vertices of degree ∆.
The following two results will also be used. Their proofs are omitted since they are very easy (see [13,15], for
instance).
(2.4) If (u, v) is an edge of a critical graph, then d(u)+ d(v) ≥ ∆+ 2.
(2.5) Critical graphs are 2-connected.
The rest of the paper consists of a proof of Theorem 2.1. This proof will be separated into the proofs of several
lemmas. For a vertex v of a graph, let N (v) denote the set of vertices that are adjacent to v.
Lemma 2.6. Let G be a critical graph with ∆(G) = n ≥ 3. If G has no K1,n+1 minor, and if v is a vertex of degree
n, then {v}∪N (v)meets all edges of G, and N (x)∩N (y) = ∅ for all distinct vertices x and y in V (G)\({v}∪N (v)).
Proof. Let N = N (v) and M = V (G) \ ({v} ∪ N ). If there is a vertex u in N adjacent to at least two vertices in M ,
then the new vertex in G/(u, v) has more than n neighbors. This is a contradiction since G has no K1,n+1 minor. It
follows that
(a) every vertex in N is adjacent to at most one vertex in M .
Similarly,
(b) if a vertex u in M is adjacent to a vertex in N , then u is adjacent to at most one vertex in M .
For the same reason, if a vertex u in M is not adjacent to any vertex in N , then d(u) ≤ 2. In fact, since G is
2-connected by (2.5), we must have
(c) d(u) = 2, for every u ∈ M that is not adjacent to any vertex in N .
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Next, we prove that every vertex in M is adjacent to a vertex in N . Suppose there is a vertex z in M that does
not have this property. Then we conclude from (c) that d(z) = 2. Let N (z) = {x, y}. It follows from (2.4) that
d(x) = d(y) = n. Since n ≥ 3, we conclude from (c) again that both x and y are adjacent to some vertices in N .
Now, by (b), we have
|N (x) ∩ N | = n − 1 = |N (y) ∩ N |,
and, by (a), we have
N (x) ∩ N (y) ∩ N = ∅.
It follows that
n = |N | ≥ |N (x) ∩ N | + |N (y) ∩ N | = 2n − 2,
contradicting the assumption that n ≥ 3. This contradiction proves that every vertex in M is adjacent to a vertex in N .
To finish the proof of 2.6, we only need to show that M is independent. Suppose there is an edge between two
vertices x and y of M . We will produce a contradiction by showing that G has a K1,n+1 minor.
We first show that M = {x, y} and d(u) = n for all vertices u in N . We consider two cases. If at least one of x
and y, say x , has degree n, then, by (b), we have |N (x) ∩ N | = n − 1. Thus we conclude that M = {x, y} and then
d(y) = 2 from (a) and the fact that every vertex in M is adjacent to a vertex in N . Let z be the other vertex adjacent
to y. Then, by (2.4), we have d(z) = n. To see that all other vertices in N have degree n, apply Vizing’s adjacency
lemma to the edge (x, y). We conclude that x is adjacent to at least n − d(y)+ 1 = n − 1 vertices of degree n. Since
d(y) 6= n, all other neighbors of x , which are precisely those in N \ {z}, must have degree n, as required. Now we
consider the second case when both d(x) and d(y) are less than n. By Vizing’s adjacency lemma, x is adjacent to at
least n − (d(y)− 1) vertices of degree n. Since d(y) 6= n and (N (x) \ {y}) ∪ (N (y) \ {x}) ⊆ N by (b), we have
|N (x) ∩ N | ≥ n − (d(y)− 1) = n − |N (y) ∩ N |.
Thus, by (a), we deduce that (N (x) \ {y}) ∪ (N (y) \ {x}) = N , and so, M = {x, y} because every vertex in M is
adjacent to a vertex in N . In addition, we also deduce that |N (x)∩N | = n−(d(y)−1), which implies that all vertices
in N (x) ∩ N have degree n. Similarly, all vertices in N (y) ∩ N , and therefore all vertices in N , have degree n.
Now we show that G has a K1,n+1 minor. Let e be an edge with one end in N (x) ∩ N and one end in N (y) ∩ N .
One way to see the existence of e is the following. Without loss of generality, we may assume that d(x) ≥ d(y), and
thus, by (2.4), we have |N (x) ∩ N | ≥ 2. Let u be a vertex in N (y) ∩ N . Then we conclude from d(u) = n that there
is a vertex u′ in N (x) ∩ N so that e = (u, u′) is an edge, as required. It is clear that x , y, and v are all adjacent to the
new vertex z of G/e. In addition, all the other n − 2 vertices of G/e are also adjacent to z since they have degree n in
G. Therefore z has n + 1 neighbors and thus G has a K1,n+1 minor. This contradiction finishes the proof of 2.6. 
Lemma 2.6 suggests the following definition. Let x be a vertex of a simple G and let N (x) be partitioned into
nonempty sets N1, N2, . . . , Nt . Then we define a new graph with vertex set (V (G) \ {x}) ∪ {N1, N2, . . . , Nt }, and
edge set E(G − x) ∪ {(Ni , y) : y ∈ Ni , 1 ≤ i ≤ t}. We say that the new graph is obtained from G by splitting the
vertex x .
Lemma 2.7. Let G be a critical graph with ∆(G) = n ≥ 3. If G has more than n + 2 vertices and has no K1,n+1
minor, then G is obtained by splitting a vertex of a graph on n + 1 vertices.
Proof. Let v be a vertex of G with degree n. Let N = N (v), M = V (G) \ ({v} ∪ N ), and L =⋃{N (x) : x ∈ M}. To
prove the lemma, it is clear from 2.6 that we only need to show that there is a vertex z in N \L such that N (z)∩L = ∅.
From |V (G)| ≥ n+3 we know that |M | ≥ 2. Then from 2.6 we conclude that M has a vertex x with d(x) ≤ |L|/2.
By Vizing’s adjacency lemma, x is adjacent to a vertex y of degree n. It follows from 2.6 again that y is adjacent to
all vertices in N \ {y}, except for precisely one vertex, which we denote by z. We will show that z has the required
properties.
By considering y as the vertex v in 2.6 we deduce that z 6∈ L \ N (x) and N (z) ∩ (L \ N (x)) = ∅. We first show
that z ∈ N \ L . Suppose z is in L . Then z ∈ N (x) and N (z) ⊆ {v, x} ∪ (N (x) \ {y}) ∪ (N \ L). It follows that
d(z) ≤ 2 + d(x) − 1 + n − |L|. By (2.4), we also have d(x) + d(z) ≥ n + 2. These two inequalities imply that
2d(x) ≥ |L| + 1, contradicting the choice of x . Thus z ∈ N \ L , as desired. To finish proving Lemma 2.7, it remains
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to show that N (z) ∩ N (x) = ∅. Since |M | ≥ 2, there is a vertex u in M \ {x}. From Vizing’s adjacency lemma we
know that u is adjacent to a vertex w of degree n. Notice that w is not adjacent to z. Thus, if we consider w as the
vertex v in 2.6, we deduce that N (z) ∩ N (x) = ∅, as desired. Therefore, Lemma 2.7 is proved. 
To prove Theorem 2.1, we also need the following two results. The first is a combination of two results from [2,8],
while the second is due to Hakimi [5].
(2.8) If G is a simple graph with |V (G)| = 2dn/2e + 1, |E(G)| = ndn/2e, and ∆(G) = n, then χ ′(G) = n.
(2.9) Let d1, d2, . . . , dt be nonnegative integers such that their sum D is even and di ≤ D/2 for all i . Then
there is a loopless graph with vertex set {1, 2, . . . , t} such that d(i) = di for all i .
Now we are ready to prove Theorem 2.1.
Proof of 2.1. Let G be a simple graph with χ ′(G) > n. The result is clear if n < 3 and thus let us assume n ≥ 3.
Without loss of generality, let us also assume that G is connected and χ ′(G\e) ≤ n for all edges e of G. Let us assume
further that G has no K1,n+1 minor. Then we deduce from Vizing’s theorem that ∆(G) = n and χ ′(G) = n + 1.
Therefore, G is critical. What we need to show now is that G contains a member of Rn as a minor.
Let us first consider the case when n is odd. Obviously, as ∆(G) = n, G has more than n vertices. Since every
simple graph on n+ 1 vertices has chromatic index at most n, every graph obtained by splitting a vertex of a graph on
n + 1 vertices must also have chromatic index at most n. Now we deduce from 2.7 that G has exactly n + 2 vertices
and thus the result follows from (2.8).
From now on we assume that n is even. We may also assume that |V (G)| ≥ n + 2 because the result follows from
(2.8) immediately if G has n+1 vertices. Now we show that G has a subgraph with n+1 vertices and more than n2/2
edges. Such a subgraph must have maximum degree n, which shows that it is a member of Rn and thus 2.1 follows.
Suppose that
(*) every subgraph of G with n + 1 vertices has at most n2/2 edges.
Then we will produce a contradiction by showing that χ ′(G) ≤ n. By 2.7, G is one of the following two types:
(i) |V (G)| = n + 2;
(ii) G is obtained by splitting a vertex of a graph on n + 1 vertices.
To prove χ ′(G) ≤ n, we may assume that G is maximal with the above properties. That is, if x and y are nonadjacent
vertices of G, then either G+(x, y) does not have property (*) or G+(x, y) is not of type (ii). We consider two cases.
If every subgraph of G on n+1 vertices has less than n2/2 edges, then G must be of type (ii). Let G be obtained from
H by splitting the vertex h and let X = V (G) \ V (H). Then, by the maximality of G, the graph H − h is a complete
graph and the sum of d(x), over all x in X , is n. These clearly imply that H = Kn+1. It follows that d(x) < n/2 for all
vertices x in X . Therefore, by (2.9), the n edges of H that are incident with h can be paired in such a way that none of
the paired edges are incident in G. Notice that H can be decomposed into n/2 Hamiltonian circuits, each containing
a pair of edges as determined above. It follows that G can be decomposed into n/2 paths and thus χ ′(G) ≤ n, as
required.
Suppose next that G has a subgraph G ′ with |V (G ′)| = n + 1 and |E(G ′)| = n2/2. If G is of type (ii) and it is
obtained from a graph H on n+1 vertices by splitting a vertex h, then G ′ contains at most one vertex in V (G)\V (H).
This is because otherwise, G ′ is obtained from a graph on n vertices by splitting a vertex and thus G ′ can have at most
|E(Kn)| < n2/2 edges, which is a contradiction. It follows that all vertices not in G ′ are in V (G)\V (H) and thus they
do not have common neighbors. Therefore, without loss of generality, we may assume, by identifying these vertices
if necessary, that there is only one such vertex. In another words, we only need to consider that case when G has
n + 2 vertices. Now by (2.8), G ′ can be decomposed into matchings M1, M2, . . . ,Mn . It is not difficult to see that
each Mi contains exactly n/2 edges, and thus misses exactly one vertex of G ′. Let x be the vertex of G not in G ′ and
let x1, x2, . . . , xt be all vertices in N (x). Since the degree of each xi in G ′ is less than ∆(G), which is n, there must
be a matching Mp(i) misses xi . Observe that all p(i)’s are distinct, because each of these matchings misses only one
vertex. It follows that the n-coloring of G ′ can be extended into an n-coloring of G by coloring (x, xi ) the same as
those in Mp(i). Now we have shown that χ ′(G) ≤ n and thus we have completed the proof of 2.1 
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